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Abstract
The “time-evolution K-operator” (or “relative Hamiltonian vector field”) in mechanics is a
powerful tool which can be geometrically defined as a vector field along the Legendre map. It
has been extensively used by several authors for studying the structure and properties of the
dynamical systems (mainly the non-regular ones), such as the relation between the Lagrangian
and Hamiltonian formalisms, constraints, and higher-order mechanics.
This paper is devoted to defining a generalization of this operator for field theories, in a
covariant formulation. In order to do this, we use sections along maps, in particular multivector
fields (skew-symmetric contravariant tensor fields of order greater than 1), jet fields and con-
nection forms along the Legendre map. As a relevant result, we use these geometrical objects
to obtain the solutions of the Lagrangian and Hamiltonian field equations, and the equivalence
among them (specially for non-regular field theories).
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1 Introduction
The so-called time-evolution K-operator in mechanics (also known by some authors as the relative
Hamiltonian vector field) is a tool which has mainly been developed in order to study the Lagrangian
and Hamiltonian formalisms for singular mechanical systems and their equivalence. It was first
introduced in a non-intrinsic way in [3] as an “evolution operator” to connect both formalisms,
as a refinement of the technique used in [34]. This operator was later defined geometrically in
two different but equivalent ways [9], [24] for autonomous dynamical systems, and in [8] for the
non-autonomous case. In [24], a further different geometric construction is given, using a canonical
map introduced by Tulczyjew [47].
The following is a summary of relevant results obtained using this operator:
• The equivalence between the Lagrangian and Hamiltonian formalisms is proved by means
of this operator in the following way: there is a bijection between the sets of solutions of
Euler-Lagrange equations and Hamilton equations, even though the dimensions of the final
constraint submanifold in both formalisms are not the same, in general (see [3], [25]).
• The complete classification of constraints is achieved. All the Lagrangian constraints can be
obtained from the Hamiltonian ones using theK-operator in the following way: at each level of
the Lagrangian constraint algorithm, every Lagrangian constraint which is projectable by the
Legendre map is associated with a Hamiltonian one of the preceding level of the Hamiltonian
constraint algorithm, which is first-class with respect to the primary constraints, whereas
the non-projectable Lagrangian constraints are associated with the second-class Hamiltonian
ones (see [3]).
• Noether’s theorem is proved and the relation between the generators of gauge and “rigid”
symmetries in the Lagrangian and Hamiltonian formalisms is studied. Thus, each Lagrangian
Noether infinitessimal symmetry can be obtained from a Hamiltonian generator of symme-
tries, which is a conserved quantity (see [21], [22], [26], [28], [29], [32]).
• This operator has been applied to study Lagrangian systems whose Legendre map has generic
singularities; that is, it degenerates on a hypersurface (see [43], [44]).
Most of these results have also been generalized for higher-order Lagrangian systems [10], [27],
[30], [31], and for the case of more general types of singular differential equations on manifolds
(implicit systems of equations) [25]. Finally, although a covariant description of this operator was
not available, it has also been used to study several characteristics of some physical models in field
theory, namely the bosonic string [1], [2], [26].
Our aim is to generalize the definition, properties and some of the applications of this operator
for field theories (specifically, the non-regular ones) in order to describe the relationship between
the Lagrangian and Hamiltonian formalisms. In particular, in this first work we will study how to
obtain the solutions of Lagrangian and Hamiltonian field equations by means of this operator, and
the relation between them, while the applications concerning constraints and symmetries will be
the subject of further research.
We follow the procedure outlined in [24] and [8], which is based on the concept of section
along a map [42], of which this operator is a particular case. The properties of these sections and
their applications in mechanics have been extensively analyzed in different situations [6], [11], [12],
[13], [14], [36], [41]. Our standpoint is the multisymplectic jet bundle formulation of Lagrangian
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and Hamiltonian field theories. The essential geometric objects to be dealt with are transversal
distributions in the corresponding bundles, which we study from three equivalent points of view:
connections, jet fields and (classes of) transversal multivector fields. The first two are extensively
used in the standard bibliography (see, for instance, [46]), while the third is introduced as a more
convenient algebraic tool for certain applications. Furthermore, each formulation has particular
characteristics which make easier to prove the results of the work.
The organization of the paper is as follows: In Section 2, we review first the definition and
the main properties of the evolution operator K for autonomous mechanics. Secondly, we state
the main characteristics of multivector fields and their relation with jet fields and connections in
jet bundles. Then we review the Lagrangian and Hamiltonian multisymplectic formalisms of field
theories. Section 3 is devoted to a study of the concept and properties of multivector fields, jet
fields and connections along maps, in the context of the jet bundle description of field theories.
Next, the extended and restricted covariant field operators are defined in three equivalent ways,
and their existence and non-uniqueness is proved. Finally, in Section 4, some properties of these
operators are studied; namely, how they can be used to obtain the solutions of the Lagrangian and
Hamiltonian field equations both for regular and singular theories (on the submanifolds where they
exist), and hence the equivalence between the solutions of field equations in the Lagrangian and
Hamiltonian formalisms are obtained in a straightforward way.
Throughout this paper π:E →M will be a fiber bundle (dim M = m, dim E = N +m), where
M is an oriented manifold with volume form ω ∈ Ωm(M). π1:J1E → E is the jet bundle of local
sections of π, and π¯1 = π ◦ π1:J1E −→ M gives another fiber bundle structure. (xα, yA, vAα ) will
denote natural local systems of coordinates in J1E, adapted to the bundle E →M (α = 1, . . . ,m;
A = 1, . . . , N), and such that ω = dx1 ∧ . . . ∧ dxm ≡ dmx. Manifolds are real, paracompact,
connected and C∞. Maps are C∞. Sum over crossed repeated indices is understood.
2 Preliminary considerations
2.1 The evolution operator K in (autonomous) mechanics
(See [24] for details).
Let σ:F → B be a fiber bundle, and Φ:A→ B a differentiable map (we assume that Φ(A) is a
submanifold of B). A section along Φ is a map T :A→ F such that σ ◦ T = Φ. So we have
F
T
 
 
 ✒
σ
❄
A
Φ ✲B
In particular, if F is either ΛmTB, ΛkT∗B or
k
⊗ T∗B
m
⊗ TB, the sections are called m-vector fields,
k-forms, or (k,m)-tensor fields along Φ, and the sets of these elements are denoted by Xm(A,Φ),
Ωk(A,Φ), and T km(A,Φ), respectively. Obviously, every section s:B → F of the projection σ defines
a section along Φ by T = s ◦Φ.
Contractions between tensor fields along maps are defined in a natural way. In this paper we
will only use the following: if T ∈ T km(A,Φ) and T
′ ∈ T nr (A,Φ), then
[i(T )T ′](p) := i(T (p))[T ′(p)] , for every p ∈ A
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so that, if n ≥ m then i(T )T ′ ∈ T k+n−mr (A,Φ), and if m = n, k = r = 0, then i(T )T
′ ∈ C∞(A).
Of course, if n < m, then i(T )T ′ = 0.
Let (TQ,ΩL,EL) be a Lagrangian system, FL: TQ → T
∗Q the Legendre map, Ω ∈ Ω2(T∗Q)
the canonical form, and the canonical projections πQ: T
∗Q→ Q, τT∗Q: TT
∗Q→ T∗Q.
The evolution operatorK associated with the Lagrangian system (TQ,ΩL,EL) is a mapK: TQ −→
TT∗Q satisfying the following conditions:
1. (Structural condition): K is a vector field along FL,
τT∗Q ◦K = FL
2. (Dynamical condition): FL∗[i(K)(Ω ◦ FL)] = dEL.
3. (Second-order condition): TπQ ◦K = IdTQ.
The existence and uniqueness of this operator can be proved, and its local expression (using natural
coordinates in TQ and T∗Q) is
K = vA
(
∂
∂qA
◦ FL
)
+
∂L
∂qA
(
∂
∂pA
◦ FL
)
By definition, ϕ:R → TQ is an integral curve of K if
TFL ◦ ϕ˙ = K ◦ ϕ (1)
so we have the diagram
TTQ
TFL ✲ TT∗Q
ϕ˙
✑
✑
✑
✑
✑✑✸
τTQ
❄
K
✑
✑
✑
✑
✑✑✸
τT∗Q
❄
R
ϕ ✲ TQ
FL ✲ T∗Q
Moreover, ϕ = φ˙, for φ:R → Q (that is, ϕ is holonomic).
The main properties of this operator are the following:
• If there exists an Euler-Lagrange vector field XL ∈ X(TQ) for (TQ,ΩL,EL) (that is, a
holonomic vector field verifying that i(XL)ΩL = dEL), then ϕ:R → TQ is an integral curve
of XL if, and only if, it is an integral curve of K; that is, relation (1) holds.
As a direct consequence of this fact, the relation between K and XL is
TFL ◦XL = K (2)
In general, if the dynamical system is not regular, Euler-Lagrange vector fields exist only on
a submanifold S →֒ TQ.
• If there exists a Hamilton-Dirac vector field XH ∈ X(T
∗Q) associated with the Lagrangian
system (TQ,ΩL,EL) (that is, a vector field solution of the Hamilton-Dirac equations in the
Hamiltonian formalism), then ψ:R → T∗Q is an integral curve of XH if, and only if,
ψ˙ = K ◦TπQ ◦ ψ˙ (3)
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So we have the diagram
TT∗Q
TπQ
 
 
 
 
 
 ✒
K
 
 
 
 
 
 ✠
τT∗Q
❄
ψ˙
❅
❅
❅
❅
❅
❅■
TQ
FL ✲ T∗Q
ψ✛
R
As a consequence, the relation between K and XH is
XH ◦ FL = K (4)
In general, if the dynamical system is not regular, Hamilton-Dirac vector fields exist only on
a submanifold P →֒ T∗Q.
• If ξ ∈ C∞(T∗Q) is a Hamiltonian constraint, then i(K)(dξ ◦ FL) is a Lagrangian constraint.
Relations (1), (2), (3) and (4) show how the Lagrangian and Hamiltonian descriptions can be
unified by means of the evolution operator K.
2.2 Multivector fields, jet fields and connections in jet bundles
(See [17] and [18] for the proofs and other details of the following assertions).
Let E be a n-dimensional differentiable manifold. Sections of Λm(TE) are called multivector
fields in E, or more precisely, m-vector fields in E (they are contravariant skew-symmetric tensors
of order m in E). We will denote by Xm(E) the set of m-vector fields in E. Y ∈ Xm(E) is said
to be locally decomposable if, for every p ∈ E, there exists an open neighbourhood Up ⊂ E and
Y1, . . . , Ym ∈ X(Up) such that Y =
Up
Y1∧ . . .∧Ym. Contraction of multivector fields and tensor fields
in E is the usual one.
We can define the following equivalence relation: if Y, Y ′ ∈ Xm(E) are non-vanishing m-vector
fields, and U ⊆ E is a connected open set, then Y ∼
U
Y ′ if there exists a non-vanishing function
f ∈ C∞(U) such that Y ′ =
U
fY . Equivalence classes will be denoted by {Y }U . There is a one-
to-one correspondence between the set of m-dimensional orientable distributions D in TE and the
set of the equivalence classes {Y }E of non-vanishing, locally decomposable m-vector fields in E.
If Y ∈ Xm(E) is non-vanishing and locally decomposable, the distribution associated with the
class {Y }U is denoted DU (Y ) (If U = E we write D(Y )). A non-vanishing, locally decomposable
m-vector field Y ∈ Xm(E) is said to be integrable (resp. involutive) if its associated distribution
DU (Y ) is integrable (resp. involutive). Of course, if Y ∈ X
m(E) is integrable (resp. involutive),
then so is every m-vector field in its equivalence class {Y }, and all of them have the same integral
manifolds. Moreover, the Frobenius’ theorem allows us to say that a non-vanishing and locally
decomposable m-vector field is integrable if, and only if, it is involutive.
Let us consider the following situation: if π:E → M is a fiber bundle (dim M = m), we are
concerned with the case where the integral manifolds of integrable m-vector fields in E are sections
of π. Thus, Y ∈ Xm(E) is said to be π-transverse if, at every point y ∈ E, (i(Y )(π∗ω))y 6= 0, where
ω ∈ Ωm(M) is the volume form in M . Hence, D(Y ) is a complementary of the vertical subbundle,
and so there exists a unique connection whose horizontal subbundle is just D(Y ). If Y ∈ Xm(E) is
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integrable, it is π-transverse if, and only if, its integral manifolds are local sections of π:E → M .
In this case, if φ:U ⊂ M → E is a local section with φ(x) = y and φ(U) is the integral manifold
of Y through y, then Ty(Imφ) is Dy(Y ). Integral sections φ of Y can be characterized by the
commutativity of the diagram
ΛmTM
ΛmTφ✲ ΛmTE
σM
❄
fY
✻
M
φ ✲ E
that is, by the condition
ΛmTφ = fY ◦ φ ◦ σM (5)
where σM denotes the natural projection and f ∈ C
∞(E) is a non-vanishing function (observe that
we are really characterizing the entire class {Y } of integrable m-vector fields).
From the above comments we conclude that classes of locally decomposable and π-transverse m-
vector fields {Y } ⊂ Xm(E) are in one-to-one correspondence with orientable Ehresmann connection
forms ∇ in π:E → M (orientable in the sense that their associated horizontal distribution is
orientable), and hence with orientable jet fields Ψ:E → J1E [46]. Observe that this correspondence
is characterized by the fact that the horizontal subbundle associated with Ψ (and ∇) coincides with
D(Y ). Furthermore, the orientable jet field Ψ (and the connection form ∇) is integrable if, and
only if, so is Y , for every Y ∈ {Y }.
Next we are going to make explicit the above correspondence. Given the bundle π:E → M ,
denote by {ΛmTE} the projective bundle associated with ΛmTE. Let ρE: Λ
mTE → {ΛmTE} and
{σE}: {Λ
mTE} → E be the natural projections, and denote by {ΛmTE}y the fiber at y ∈ E. We
can define a map
ΥE:J
1E → {ΛmTE}
as follows: for every y¯ ∈ J1E with y¯
π1
→ y
π
7→ x, if φ:M → E is a representative of y¯, then ΥE
maps y¯ = j1φ(x) onto the projective class of m-vectors associated with the m-dimensional subspace
ImTxφ. An element of {Λ
mTE}y belongs to ImΥE if it is a class of π-transverse m-vectors at
y ∈ E, such that it has a representative which is decomposable. Denoting by Dmy the set of those
classes, we have that ImΥE =
⋃
y∈E D
m
y ≡ D
mTE. The map ΥE is injective, and hence it is
bijective onto its image DmTE. Then, there exists its inverse Υ−1E (on D
mTE), which acts as
follows: for every (y, {u1 ∧ . . . ∧ um}) ∈ D
mTE with π(y) = x, let φ:M → E be a local section
such that Txφ[Tyπ(ui)] = ui, then Υ
−1
E (y, {u1 ∧ . . . ∧ um}) = j
1φ.
Otherwise, if {Y } ∈ DmTE, there exists a unique connection form ∇ such that {Y } is the
image in DmTE of its horizontal distribution. Let
Υ′E :D
mTE → π∗T∗M ⊗E TE
be the map that associates to every element of DmTE the corresponding connection form (observe
that, given a horizontal distribution H ⊂ TE, there is a unique map ∇:E → π∗T∗M ⊗E TE such
that ∇(y)(Tπ(y)M) = Hy. Like ΥE, the map Υ
′
E is injective, and hence it is bijective onto its
image, which is just the set of Ehresmann connections in π:E →M .
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So we have the diagram
π∗T∗M ⊗E TE
Υ′E
✻
{ΛmTE} ⊃ DmTE
ρE
✻
ΥE
✻
Υ−1E
❄
ΛmTE J1E
(6)
Therefore, from a class {Y }:E → DmTE we obtain Ψ = Υ−1E ◦ {Y }, and conversely, from Ψ we
construct {Y } = ΥE◦Ψ. In the same way, from the class {Y }:E → D
mTE we obtain∇ = Υ′E◦{Y },
and conversely, from ∇ we construct {Y } = Υ′E
−1 ◦ ∇.
As an evident consequence of the existence of the bijections ΥE :J
1E → DmTE and Υ′E from
DmTE onto its image, DmTE inherits the affine structure over π∗T∗M ⊗E V(π) common to J
1E
and the set of Ehresmann connections in π:E →M .
We want to characterize the integrable m-vector fields in J1E whose integral manifolds are
canonical prolongations of sections of π. Let {X}:J1E → DmTJ1E ⊂ {ΛmTJ1E} be a class of
non-vanishing, locally decomposable and π¯1-transversem-vector fields in J1E, let Ψ :J1E → J1J1E
be its associated jet field, and ∇:J1E → π¯1∗TM ⊗J1E TJ
1E its associated connection form. Now
diagram (6) can be completed as follows
π∗T∗M ⊗E TE
τ ⊗ Tπ1
✛ π¯1∗T∗M ⊗J1E TJ
1E
Υ′E
✻ ✻
Υ′J1E
{ΛmTE} ⊃ DmTE
{ΛmTπ1}
✛ DmTJ1E ⊂ {ΛmTJ1E}
ρE
✻
ΥE
✻
Υ−1E
❄
ΥJ1E
✻
Υ−1J1E
❄
✻
ρJ1E
ΛmTE J1E
j1π1
✛ J1J1E ΛmTJ1E
(7)
where the natural projection τ ⊗Tπ1: π¯1∗T∗M ⊗J1E TJ
1E → π∗T∗M ⊗E TE acts in the following
way: if [y¯, ζ ⊗ v¯] ∈ π¯1∗T∗M ⊗J1E TJ
1E, with y¯ ∈ J1E, ζ ∈ T∗π¯1(y¯)M , v¯ ∈ Ty¯J
1E, then
(τ ⊗ Tπ1)[y¯, ζ ⊗ v¯] := [π1(y¯), ζ ⊗ Ty¯π
1(v¯)] (8)
Then, bearing in mind the commutativity of this diagram, we have that Ψ = Υ−1J1E ◦{X}, and that
∇ = Υ′J1E ◦ {X}, so
Υ−1E ◦Υ
′
E
−1
◦ τ ⊗Tπ1 ◦ ∇ = Υ−1E ◦ {Λ
mTπ1} ◦ {X} = j1π1 ◦ Ψ
and, if X:J1E → ΛmTJ1E is a representative of the class {X}, denoting ̺E := Υ
−1
E ◦ {Λ
mTπ1} ◦
ρJ1E , from the last equality we obtain that
Υ−1E ◦Υ
′
E
−1
◦ τ ⊗Tπ1 ◦ ∇ = ̺E ◦X = j
1π1 ◦ Ψ
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Definition 1 The jet field Ψ , its associated connection form ∇ in π¯1:J1E → M , and their asso-
ciated class {X} are said to be:
1. Semi-holonomic (or a Second Order Partial Differential Equation), if
Υ−1E ◦Υ
′
E
−1
◦ τ ⊗ Tπ1 ◦ ∇ = Υ−1E ◦ {Λ
mTπ1} ◦ {X} = j1π1 ◦ Ψ = IdJ1E
If X ∈ {X} is a representative of this class, then it is a semi-holonomic m-vector field, and
the above condition leads to
̺E ◦X = IdJ1E
2. Holonomic if they are integrable and their integral sections ϕ:M → J1E are holonomic (that
is, ϕ = j1φ, for some section ϕ:M → E).
Then, it can be proved that the class {X}, and its associated jet field Ψ and connection form
∇ are holonomic if, and only if, they are integrable and semi-holonomic.
In a natural chart in J1E, the local expressions of these elements are
X =
m∧
α=1
f
(
∂
∂xα
+ FAα
∂
∂yA
+GAαν
∂
∂vAν
)
Ψ = (xα, yA, vAα , F
A
α , G
A
αν)
∇ = dxα ⊗
(
∂
∂xα
+ FAα
∂
∂yA
+GAαν
∂
∂vAν
)
(9)
where f ∈ C∞(J1E) is an arbitrary non-vanishing function. A representative of the class {X} can
be selected by the condition i(X)(π¯1∗ω) = 1, which leads to f = 1 in the above local expression.
We will adopt this particular choice in the sequel.
Now, if these elements are integrable, and ϕ(x) = (xα, yA = ϕA(x), vAα = ϕ
A
α (x)) is an integral
section, then the components of ϕ are solution of the system of partial differential equations
FAα (x, ϕ
B(x), ϕBη (x)) =
∂ϕA
∂xα
, GAαν(x, ϕ
B(x), ϕBη (x)) =
∂ϕAα
∂xν
; (A,B = 1 . . . N ; η, α, ν = 1 . . . m)
If these elements are semi-holonomic, their local expressions are the same as in (9) with FAα =
vAα . In addition, if they are integrable, as their integral sections are holonomic, given a section
φ(x) = (xα, yA = ϕA(x)), its jet prolongation j1φ(x) =
(
xα, yA = ϕA(x), vAα =
∂ϕA
∂xα
(x)
)
is an
integral section iff the components of φ are solution of the second-order system of partial differential
equations
GAαν
(
x, ϕB ,
∂ϕB
∂xη
)
=
∂2φA
∂xν∂xα
; (A,B = 1, . . . , N ; η, α, ν = 1, . . . ,m) (10)
(See [17] and [18] for details).
2.3 Lagrangian formalism for classical field theories
(See, for instance, [4], [17], [18], [23], [40], [45], [46], for details).
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A classical field theory is described by its configuration fiber bundle π:E → M ; and a La-
grangian density which is a π¯1-semibasic m-form on J1E. A Lagrangian density is usually written
as L = £π¯1
∗
ω, where £ ∈ C∞(J 1E ) is the Lagrangian function associated with L and ω. The
Poincare´-Cartan m and (m+ 1)-forms associated with the Lagrangian density L are defined using
the vertical endomorphism V of the bundle J1E
ΘL := i(V)L + L ∈ Ω
m(J1E) ; ΩL := −dΘL ∈ Ω
m+1(J1E)
Then a Lagrangian system is a couple (J1E,ΩL). We will say that the Lagrangian system is regular
if ΩL is 1-nondegenerate. In a natural chart in J
1E we have
ΩL = −
∂2£
∂vBν ∂v
A
α
dvBν ∧ dy
A ∧ dm−1xα −
∂2£
∂yB∂vAα
dyB ∧ dyA ∧ dm−1xα +
∂2£
∂vBν ∂v
A
α
vAα dv
B
ν ∧ d
mx+
(
∂2£
∂yB∂vAα
vAα −
∂£
∂yB
+
∂2£
∂xα∂vBα
)
dyB ∧ dmx
(where dm−1xα ≡ i
(
∂
∂xα
)
dmx ); and the regularity condition is equivalent to det
(
∂2£
∂vAα ∂v
B
ν
(y¯)
)
6=
0 , for every y¯ ∈ J1E. We must point out that, in field theories, the notion of regularity is not
uniquely defined (for other approaches see, for instance, [5], [15], [16], [37], [38], [39]).
The Lagrangian problem associated with a Lagrangian system (J1E,ΩL) consists in finding
sections φ ∈ Γ(M,E) (Γ(M,E) denotes the set of sections of π), which are characterized by the
condition
(j1φ)∗ i(X)ΩL = 0 , for every X ∈ X(J
1E)
In natural coordinates, if φ(x) = (xα, φA(x)), this condition is equivalent to demanding that φ
satisfy the Euler-Lagrange equations
∂£
∂yA
∣∣∣
j1φ
−
∂
∂xα
∂£
∂vAα
∣∣∣
j1φ
= 0 , (for A = 1, . . . , N) (11)
The problem of finding these sections can be formulated equivalently as follows: finding a dis-
tribution D of T(J1E) such that it is integrable (that is, involutive), m-dimensional, π¯1-transverse,
and the integral manifolds of D are the sections solution of the above equations. This is equivalent
to stating that the sections solution of the Lagrangian problem are the integral sections of a class
of holonomic m-vector fields {XL} ⊂ X
m(J1E), such that
i(XL)ΩL = 0 , for every XL ∈ {XL}
Taking into account the equivalence between classes of non-vanishing, locally decomposable and
π¯1-transverse m-vector fields with orientable jet fields and connections, we can also state the above
problem in two additional equivalent ways: finding a holonomic connection ∇L in π¯
1:J1E → M
such that
i(∇L)ΩL = (m− 1)ΩL
or a holonomic jet field ΨL:J
1E → J1J1E, such that
i(ΨL)ΩL = 0
(where the contraction of jet fields with differential forms is defined in [17]). Semi-holonomic locally
decomposable m-vector fields, jet fields and connections which are solution of these equations are
called Euler-Lagrange m-vector fields, jet fields and connections for (J1E,ΩL).
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Their local expressions are (9) with FAα = v
A
α , and where the coefficients G
A
αν are related by the
system of linear equations
∂2£
∂vAα ∂v
B
ν
GAαν =
∂£
∂yB
−
∂2£
∂xν∂vBν
−
∂2£
∂yA∂vBν
vAν (A,B = 1, . . . , N) (12)
Therefore, if j1φ =
(
xµ, φA,
∂φA
∂xν
)
is an integral section of XL, then v
A
α =
∂φA
∂xα
, and hence the
coefficients GBαν must satisfy equations (10). As a consequence, the system (12) is equivalent to the
Euler-Lagrange equations (11) for the section φ.
If (J1E,ΩL) is a regular Lagrangian system, then the existence of classes of Euler-Lagrange
m-vector fields for L (or what is equivalent, Euler-Lagrange jet fields or connections) is assured, and
in a local system of coordinates, these m-vector fields depend on N(m2 − 1) arbitrary functions.
For singular Lagrangian systems, the existence of Euler-Lagrange m-vector fields is not assured
except perhaps on some submanifold S →֒ J1E, and the number of arbitrary functions on which
they depend is not the same as in the regular case, since it depends on the dimension of S and the
rank of the Hessian matrix of £. Furthermore, locally decomposable and π¯1-transverse m-vector
fields, solutions of the field equations can exist (in general, on some submanifold of J1E), but
none of them being semi-holonomic (at any point of this submanifold). As in the regular case,
although Euler-Lagrange m-vector fields exist on some submanifold S, their integrability is not
assured except perhaps on another smaller submanifold I →֒ S such that the integral sections are
contained in I.
2.4 Hamiltonian formalism for classical field theories
(See, for instance, [7], [19], [20], [23], [33], [35], [40] for details).
For the Hamiltonian formalism of field theories, the choice of a multimomentum phase space
or multimomentum bundle is not unique. In this work we take: J1∗E ≡ Λm1 T
∗E/Λm0 T
∗E, where
Λm1 T
∗E ≡Mπ is the bundle of m-forms on E vanishing by the action of two π-vertical vector fields
(sometimes it is called the extended multimomentum bundle), and Λm0 T
∗E ≡ π∗ΛmT∗M . We have
the natural projections
τ1:J1∗E → E , τ¯1 = π ◦ τ1:J1∗E →M
Given a system of coordinates adapted to the bundle π:E → M , we can construct natural coor-
dinates in J1∗E and Mπ, which will be denoted as (xα, yA, pαA) and (x
α, yA, pαA, p), respectively
(α = 1, . . . ,m; A = 1, . . . , N).
Now, if (J1E,ΩL) is a Lagrangian system, we introduce the extended Legendre map associated
with L, F˜L:J1E →Mπ, in the following way:
(F˜Ly¯))(Z1, . . . , Zm) := (ΘL)y¯(Z¯1, . . . , Z¯m)
where Z1, . . . , Zm ∈ Tπ1(y¯)E, and Z¯1, . . . , Z¯m ∈ Ty¯J
1E are such that Ty¯π
1Z¯α = Zα. (F˜L can also
be defined as the “first order vertical Taylor approximation to £” [7]). Hence, using the natural
projection µ:Mπ = Λm1 T
∗E → Λm1 T
∗E/Λm0 T
∗E = J1∗E, we define the restricted Legendre map
associated with L as FL := µ ◦ F˜L. Their local expressions are
F˜L
∗
xα = xα , F˜L
∗
yA = yA , F˜L
∗
pαA =
∂£
∂vAα
, F˜L
∗
p = £− vAα
∂£
∂vAα
FL∗xα = xα , FL∗yA = yA , FL∗pαA =
∂£
∂vAα
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Then, (J1E,ΩL) is a regular Lagrangian system if FL is a local diffeomorphism (this definition
is equivalent to that given above). Elsewhere (J1E,ΩL) is a singular Lagrangian system. As a
particular case, (J1E,ΩL) is a hyper-regular Lagrangian system if FL is a global diffeomorphism.
A singular Lagrangian system (J1E,ΩL) is almost-regular if: P := FL(J
1E) is a closed submanifold
of J1∗E (we will denote the natural imbedding by 0:P →֒ J
1∗E), FL is a submersion onto its
image, and for every y¯ ∈ J1E, the fibres FL−1(FL(y¯)) are connected submanifolds of J1E.
In order to construct a Hamiltonian system associated with (J1E,ΩL), first, recall that the
multicotangent bundle ΛmT∗E is endowed with canonical forms: Θ ∈ Ωm(ΛmT∗E) and the mul-
tisymplectic form Ω := −dΘ ∈ Ωm+1(ΛmT∗E). But Mπ ≡ Λm1 T
∗E is a subbundle of ΛmT∗E.
Then, if λ: Λm1 T
∗E →֒ ΛmT∗E is the natural imbedding, Θ := λ∗Θ and Ω := −dΘ = λ∗Ω are
canonical forms in Mπ, which are called the multimomentum Liouville m and (m + 1) forms.
Their local expressions are
Θ = pαAdy
A ∧ dm−1xα + pd
mx , Ω = −dpαA ∧ dy
A ∧ dm−1xα − dp ∧ d
mx (13)
Observe that F˜L
∗
Θ = ΘL, and F˜L
∗
Ω = ΩL.
Now, if (J1E,ΩL) is a hyper-regular Lagrangian system, then P˜ := F˜L(J
1E) is a 1-codimensional
imbedded submanifold of Mπ (we will denote the natural imbedding by ˜0: P˜ →֒ Mπ), which is
transverse to the projection µ, and is diffeomorphic to J1∗E. This diffeomorphism is µ−1, when µ
is restricted to P˜ , and also coincides with the map h := F˜L ◦ FL−1, when it is restricted onto its
image (which is just P˜). This map h is called a Hamiltonian section, and can be used to construct
the Hamilton-Cartan m and (m+ 1) forms of J1∗E by making
Θh = h
∗Θ ∈ Ωm(J1∗E) , Ωh = h
∗Ω ∈ Ωm+1(J1∗E)
and the couple (J1∗E,Ωh) is said to be the Hamiltonian system associated with the hyper-regular
Lagrangian system (J1E,ΩL). Locally, the Hamiltonian section h is specified by the local Hamil-
tonian function H = pαA(FL
−1)∗vAα − (FL
−1)∗£, that is, h(xα, yA, pαA) = (x
α, yA, pαA,−H). Then
we have the local expressions
Θh = p
α
Ady
A ∧ dm−1xα −Hd
mx , Ωh = −dp
α
A ∧ dy
A ∧ dm−1xα + dH ∧ d
mx
Of course FL∗Θh = ΘL, and FL
∗Ωh = ΩL.
The Hamiltonian problem associated with the Hamiltonian system (J1∗E,Ωh) consists in finding
sections ψ ∈ Γ(M,J1∗E), which are characterized by the condition
ψ∗ i(X)Ωh = 0 , for every X ∈ X(J
1∗E)
In natural coordinates, if ψ(x) = (xα, yA(x), pαA(x)), this condition leads to the so-called Hamilton-
De Donder-Weyl equations
∂yA
∂xα
∣∣∣∣∣
ψ
=
∂H
∂pαA
∣∣∣∣∣
ψ
;
∂pαA
∂xα
∣∣∣∣∣
ψ
= −
∂H
∂yA
∣∣∣∣∣
ψ
The problem of finding these sections can be formulated equivalently as follows: finding a distri-
bution D of T(J1∗E) such that D is integrable (that is, involutive), m-dimensional, τ¯1-transverse,
and its integral manifolds are the sections solution of the above equations. This is equivalent to
stating that the sections solution of the Hamiltonian problem are the integral sections of a class of
integrable and τ¯1-transverse m-vector fields {XH} ⊂ X
m(J1∗E) satisfying that
i(XH)Ωh = 0 , for every XH ∈ {XH}
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As in the Lagrangian formalism, we can also state the above problem in two additional equivalent
ways: finding an orientable connection ∇H in τ¯
1:J1∗E →M such that
i(∇H)Ωh = (m− 1)Ωh
or an orientable jet field ΨH:J
1∗E → J1J1∗E, such that
i(ΨH)Ωh = 0
τ¯1-transverse and locally decomposable m-vector fields, orientable jet fields and orientable connec-
tions which are solutions of these equations are called Hamilton-De Donder-Weyl (HDW) m-vector
fields, jet fields and connections for (J1∗E,Ωh).
Their local expressions in natural coordinates are
XH =
m∧
α=1
f
(
∂
∂xα
+ FAα
∂
∂yA
+GηAα
∂
∂pηA
)
ΨH = (x
α, yA, pαA, ;F
A
α , G
η
Aα)
∇H = dx
α ⊗
(
∂
∂xα
+ FAα
∂
∂yA
+GνAα
∂
∂pνA
)
where f ∈ C∞(J1∗E) is a non-vanishing function, and the coefficients FAα , G
η
Aα are related by the
system of linear equations
FAα =
∂H
∂pαA
, GνAν = −
∂H
∂yA
Now, if ψ(x) = (xα, ψA(x), ψαA(x)) is an integral section of XH then
FAα ◦ ψ =
∂ψA
∂xα
; GαAα ◦ ψ =
∂ψαA
∂xα
which are the Hamilton-De Donder-Weyl equations for ψ. As above, a representative of the class
{X} can be selected by the condition i(X)(τ¯1∗ω) = 1, which leads to f = 1.
The existence of classes of HDW m-vector fields, jet fields and connections is assured, and in a
local system of coordinates they depend on N(m2 − 1) arbitrary functions.
In an analogous way, if (J1E,ΩL) is an almost-regular Lagrangian system, the submanifold
0:P →֒ J
1∗E, is a fiber bundle over E (and M). The corresponding projections will be denoted by
τ10 :P → E and τ¯
1
0 :P →M , satisfying that τ
1◦0 = τ
1
0 and τ¯
1◦0 = τ¯
1
0 . In this case the µ-transverse
submanifold P˜ →֒ Mπ is diffeomorphic to P. This diffeomorphism is denoted µ˜: P˜ → P, and it
is just the restriction of the projection µ to P˜. Then, taking h˜ := µ˜−1 = F˜L0 ◦ FL
−1
0 , (where
F˜L0 and FL0 are the restriction maps of F˜L and FL onto P˜ and P, respectively), we define the
Hamilton-Cartan forms
Θ0h = (˜0 ◦ h˜)
∗Θ ; Ω0h = (˜0 ◦ h˜)
∗Ω
which verify that FL∗0Θ
0
h = ΘL and FL
∗
0Ω
0
h = ΩL. Then (J
1∗E,P,Ω0h) is the Hamiltonian system
associated with the almost-regular Lagrangian system (J1E,ΩL), and we have the following diagram
J1E
F˜L0
FL0✟
✟✟
✟✟
✟✟✯
✲ P
P˜
✻
❄
h˜ µ˜
✲
✲
0
˜0
J1∗E
Mπ
❄
µ
❅
❅
❅❅❘
τ¯10 τ¯
1
 
 
  ✠
M
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The Hamiltonian problem associated with the Hamiltonian system (J1∗E,P,Ω0h) is stated as in
the regular case, and the sections ψo ∈ Γ(M,P) solution of the Hamiltonian problem are the integral
sections of a class of integrable and τ¯10 -transverse m-vector fields {XHo} ⊂ X
m(P) satisfying that
i(XHo)Ω
0
h = 0 , for every XHo ∈ {XHo}
As above, this is equivalent to finding an orientable connection ∇Ho in τ¯
1
0 :P →M such that
i(∇Ho)Ω
0
h = (m− 1)Ω
0
h
or an orientable jet field ΨHo :P → J
1P, such that
i(ΨHo)Ω
0
h = 0
Now, not even the existence of these Hamilton-De Donder-Weyl m-vector fields, jet fields and con-
nections for (J1∗E,P,Ω0h) is assured, and an algorithmic procedure in order to obtain a submanifold
P of P where such m-vector fields, jet fields and connections exist, can be outlined. Of course, in
general, the solution is not unique, but the number of arbitrary functions is not the same as above
(it depends on the dimension of P ).
3 The field operators
3.1 Sections along the Legendre maps in field theories
First remark that for multivector fields along maps the terminology introduced in Section 2.2 will
be applied in a natural way. Thus, for instance:
• If X is a m-vector field along Φ, it is locally decomposable if, for every p ∈ A, there exists
an open neighbourhood Up ⊂ A, and X1, . . . ,Xm, vector fields along Φ, such that X =
Up
X1 ∧ . . . ∧ Xm.
• If X ,X ′ are non-vanishing multivector fields along Φ, and U ⊆ A is a connected open set,
then X ∼
U
X ′ if there exists a non-vanishing function f ∈ C∞(U) such that X ′ =
U
fX .
Now, let π:E → M be the configuration fiber bundle of a Lagrangian system (J1E,ΩL). The
case we will consider consists in taking A ≡ J1E, B =Mπ, and Φ = F˜L.
Definition 2 1. A m-vector field along F˜L is a map X˜ :J1E → ΛmTMπ such that
σMπ ◦ X˜ = F˜L
where σMπ: Λ
mTMπ →Mπ is the natural projection.
2. A jet field along F˜L is a map Y˜:J1E → J1Mπ such that
π1Mπ ◦ Y˜ = F˜L
where π1Mπ:J
1Mπ →Mπ is the natural projection.
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3. An Ehresmann connection form along F˜L is a map ∇˜:J1E → (τ¯1 ◦µ)∗T∗M ⊗MπTMπ such
that
κMπ ◦ ∇˜ = F˜L
where κMπ: (τ¯
1 ◦ µ)∗T∗Mπ ⊗M TMπ →Mπ is the natural projection, and satisfying that
i(∇˜)Ξ˜ = Ξ˜
for every (τ¯1 ◦µ)-semibasic 1-form Ξ˜ along F˜L. (Observe that ∇˜ is a (1,1)-tensor field along
F˜L).
Recall that a 1-form Ξ along F˜L is (τ¯1 ◦ µ)-semibasic if, for every Z ∈ XV(τ¯
1◦µ)(Mπ), and
y¯ ∈ J1E, we have that i(Z
F˜L(y¯)
)(Ξ(y¯)) = 0. In particular, if ξ ∈ Ω1(Mπ) is a (τ¯1 ◦ µ)-semibasic
form, then Ξ := ξ ◦ F˜L is a (τ¯1 ◦ µ)-semibasic 1-form along F˜L.
So we have the diagrams
ΛmTMπ
X˜
 
 
 ✒
σMπ
❄
J1E
F˜L✲ Mπ
❆
❆
❆❯
τ¯10 τ¯
1
✁
✁
✁☛
M
J1Mπ
Y˜
 
 
 ✒
π1Mπ
❄
J1E
F˜L✲ Mπ
❆
❆
❆❯
τ¯10 τ¯
1
✁
✁
✁☛
M
(τ¯1 ◦ µ)∗T∗M ⊗Mπ TMπ
∇˜
 
 
 ✒
κMπ
❄
J1E
F˜L ✲ Mπ
❅
❅
❅❅❘
τ¯10 τ¯
1
 
 
  ✠
M
In the same way as classes of locally decomposable and transverse m-vector fields in a fiber
bundle are associated with orientable jet fields and connections [18], we have an analogous result
in the current situation. In fact:
Theorem 1 Classes of locally decomposable and (τ¯1 ◦ µ)-transverse m-vector fields along F˜L are
in one-to-one correspondence with jet fields along F˜L, and hence with Ehresmann connection forms
along F˜L.
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( Proof ) Bearing in mind (7), in the current situation we have the diagram
π∗T∗M ⊗E TE
τˆ ⊗ T(τ1 ◦ µ)
✛ (τ¯1 ◦ µ)∗T∗M ⊗Mπ TMπ
✻
Υ′E
✻
Υ′Mπ
{ΛmTJ1E} ⊃ DmTE
{ΛmT(τ1 ◦ µ)}
✛ DmTMπ ⊂ {ΛmTMπ}
ΥE
✻
Υ−1E
❄
j1(τ1 ◦ µ) ✘✘✘✘✘✘✘✘✘✘✘✘✘✘✾
ΥMπ
✻
Υ−1Mπ❄
π1Mπ ❄
J1Mπ
{σMπ}
✁
✁
✁
✁
✁
✁
✁☛
J1E
F˜L
✲ Mπ
✻
ρE
π1 τ1 ◦ µ
E
◗
◗
◗
◗
◗◗s
✑
✑
✑
✑
✑✑✰
✻
σMπ
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁✕
ρMπ
ΛmTE
ΛmT(τ1 ◦ µ)
✛ ΛmTMπ
(15)
(where the natural projection τˆ ⊗T(τ1 ◦ µ) is defined in a similar way to τ ⊗ Tπ1 in (8)).
Now, if {X˜ }:J1E → DmTMπ ⊂ {ΛmTMπ} is a class of non-vanishing, locally decomposable
and (τ¯1 ◦ µ)-transverse m-vector fields along F˜L, then from this class {X˜ } we obtain Y˜X = Υ
−1
Mπ ◦
{X˜ }, and conversely, from a jet field Y˜ along F˜L we construct {X˜ } = ΥMπ ◦ Y˜ . In the same way,
from the class {X˜ } we obtain ∇˜X = Υ
′
Mπ ◦ {X˜ }, and conversely, from an Ehresmann connection
form ∇˜ along F˜L we construct {X˜ } = Υ′Mπ
−1 ◦ ∇˜.
The local expression of a representative of the class {X˜ } of non-vanishing, locally decomposable
and (τ¯1 ◦ µ)-transverse m-vector fields along F˜L, and its associated jet field Y˜X and connection
form ∇˜X along F˜L are
X˜ =
m∧
α=1
F (xν , yB , vBν )
[(
∂
∂xα
◦ F˜L
)
+ fAα (x
ν , yB , vBν )
(
∂
∂yA
◦ F˜L
)
+
gηAα(x
ν , yB , vBν )
(
∂
∂pηA
◦ F˜L
)
+ hα(x
ν , yB, vBν )
(
∂
∂p
◦ F˜L
)]
Y˜X =
(
xα, yA,
∂£
∂vAα
,£− vAα
∂£
∂vAα
; f Aα , g
η
Aα, hα
)
(16)
∇˜X = (dx
α ◦ F˜L)⊗
[(
∂
∂xα
◦ F˜L
)
+ fAα
(
∂
∂yA
◦ F˜L
)
+ gηAα
(
∂
∂pηA
◦ F˜L
)
+ hα
(
∂
∂p
◦ F˜L
)]
Now, let {X˜ } be a class of non-vanishing, locally decomposable and (τ¯1 ◦ µ)-transverse m-
vector fields along F˜L, let Y˜X :J
1E → J1Mπ be its associated jet field along F˜L, and ∇˜X :J
1E →
(τ¯1 ◦ µ)∗T∗M ⊗Mπ TMπ its associated Ehresmann connection form along F˜L. Then bearing in
mind the commutativity of the diagram (15) (see also (18) below), and the relations among these
elements, we have
j1(τ1 ◦ µ) ◦ Y˜X = Υ
−1
E ◦ {Λ
mT(τ1 ◦ µ)} ◦ {X˜ } = Υ−1E ◦Υ
′
E
−1
◦ τˆ ⊗ T(τ1 ◦ µ) ◦ ∇
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If X˜ :J1E → ΛmTMπ is a representative of the class {X˜ }, introducing
˜̺E := Υ
−1
E ◦ {Λ
mT(τ1 ◦ µ)} ◦ ρMπ = Υ
−1
E ◦ ρE ◦ Λ
mT(τ1 ◦ µ) (17)
we have that
Υ−1E ◦ {Λ
mT(τ1 ◦ µ)} ◦ {X˜ } = Υ−1E ◦ {Λ
mT(τ1 ◦ µ)} ◦ ρMπ ◦ X˜ ≡ ˜̺E ◦ X˜
from the above equality we obtain
j1(τ1 ◦ µ) ◦ Y˜X = ˜̺E ◦ X˜ = Υ
−1
E ◦Υ
′
E
−1
◦ τˆ ⊗ T(τ1 ◦ µ) ◦ ∇
Definition 3 Y˜X , its equivalent ∇˜X , and their associated class {X˜ } are said to be semi-holonomic
if
Υ−1E ◦Υ
′
E
−1
◦ τˆ ⊗ T(τ1 ◦ µ) ◦ ∇ = Υ−1E ◦ {Λ
mT(τ1 ◦ µ)} ◦ {X˜ } = j1(τ1 ◦ µ) ◦ Y˜X = IdJ1E
If X˜ ∈ {X˜ } is a representative of this class, then the above condition leads to
˜̺E ◦ X˜ = IdJ1E
and X˜ is a semi-holonomic m-vector field along F˜L.
In this case, we have completed the diagram (15) as follows
π∗T∗M ⊗E TE
τˆ ⊗ T(τ1 ◦ µ)
✛ (τ¯1 ◦ µ)∗T∗M ⊗Mπ TMπ
✻
Υ′E
✻
Υ′Mπ
{ΛmTJ1E} ⊃ DmTE
{ΛmT(τ1 ◦ µ)}
✛ DmTMπ ⊂ {ΛmTMπ}
ΥE
✻
Υ−1E
❄
∇˜X
 
 
 
 
 
 
 
 
 
 
 
  ✒
{X˜ }
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟✯
j1(τ1 ◦ µ) ✘✘✘✘✘✘✘✘✘✘✘✘✘✘✾
Y˜X
✘✘✘
✘✘✘
✘✘✘
✘✘✘
✘✘✿
ΥMπ
✻
π1Mπ ❄
J1Mπ
{σMπ}
✁
✁
✁
✁
✁
✁
✁☛
J1E
F˜L
✲ Mπ
✻
ρE
X˜
❍❍❍❍❍❍❍❍❍❍❍❍❍❍❥
✻
σMπ
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁✕
ρMπ
ΛmTE
ΛmT(τ1 ◦ µ)
✛ ΛmTMπ
(18)
In order to obtain the corresponding local expressions, consider natural charts of adapted co-
ordinates (xα, yA, vAα ) and (x
α, yA, pαA, p), in J
1E and Mπ respectively, and the induced chart
(xα, yA, pαA, p; f
A
α , g
η
Aα, hα) in J
1Mπ. Let y˜ ∈ J1Mπ with y˜
τ1
17→ y
τ¯1
7→ x . If ψ˜:M → Mπ is a
representative of y, then ψ˜(x) = y, and
y ≡ (xα, yA, pαA, p) = (x
α, ψA(x), ψαA(x), ψ(x)) ≡ ψ˜(x)
y˜ ≡ (xα, yA, pαA, f
A
ν , g
η
Aα, hα) =
(
xα, ψA(x), ψαA(x),
∂ψA
∂xα
(x),
∂ψηA
∂xα
(x),
∂ψ
∂xα
(x)
)
≡ (j1ψ˜)(x)
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Now we can construct the section τ1 ◦ ψ˜:M → E, which is a representative of the point y¯ ∈ J1E,
such that y¯
π1
7→ y
π
7→ x . Thus
y¯ ≡ (xα, yA, vAα ) =
(
xα, ψA(x),
∂ψA
∂xα
(x)
)
≡ [j1(τ1 ◦ ψ˜)](x)
On the other hand, recall that the map j1τ1 is defined by j1τ1(y˜) := [j1(τ1 ◦ ψ˜)](x), for every
section ψ˜. Therefore, since j1τ1(y˜) = y¯, we conclude that
j1τ1(xα, yA, pαA, p; f
A
α , g
η
Aα, hα) = (x
α, yA, fAα )
As a consequence, if Y˜ is a jet field along F˜L, the condition of being semi-holonomic is locally
equivalent to demanding that
(xα, yA, vAα ) ≡ y¯ = (j
1τ1 ◦ Y˜)(y¯) ≡ (j1τ1 ◦ Y˜)(xα, yA, vAα ) = (j
1τ1 ◦ Y˜)
(
xα, ψ
A(x),
∂ψA
∂xα
(x)
)
= j1τ1
(
xα, ψA(x), ψαA(x),
∂ψA
∂xα
(x),
∂ψηA
∂xα
(x),
∂ψ
∂xα
(x)
)
=
(
xα, ψA(x),
∂ψA
∂xα
(x)
)
= (xα, yA, fAα )
that is, fAα = v
A
α (in (16)).
Now, the generalization of the integrability conditions (1) and (5) to the current situation leads
to the following:
Definition 4 Let X˜ be a non-vanishing and locally decomposable m-vector field along F˜L. A
section ϕ:M → J1E is said to be an integral section of X˜ if
ΛmT(F˜L ◦ ϕ) = f X˜ ◦ ϕ ◦ σM (19)
where f ∈ C∞(J1E) is a non-vanishing function. X˜ is said to be integrable if it admits integral
sections. Thus, we have the diagram
ΛmTM
ΛmT(F˜L ◦ ϕ) ✲ ΛmTMπ
σM
❄
f X˜
✑
✑
✑
✑
✑✑✸
σMπ
❄
M
ϕ ✲ J1E
F˜L ✲ Mπ
X˜ is said to be holonomic if its integral sections are holonomic, that is, ϕ = j1φ for some section
φ:M → E.
Observe that we are characterizing the integrability of the entire class {X˜ }. Note also that this
definition of integral section is equivalent to stating that the image of the section ϕ˜ = F˜L◦ϕ:M →
ΛmTMπ is an integral submanifold of the distribution D(X˜ ); that is, Tϕ˜(x)(Im ϕ˜) = [D(X˜ )]ϕ(x), for
every x ∈M . Finally, it is important to remark that, if a m-vector field along F˜L is not integrable
everywhere in J1E, it could be integrable on a submanifold I →֒ J1E (see the comment at the end
of Section 2.3).
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Remark: Of course, a class {X˜ } of m-vector fields along F˜L is integrable (resp. holo-
nomic) if, and only if, its associated jet field Y˜X and connection ∇˜ along F˜L are also.
In addition, the class {X˜ } and its associated jet field Y˜ and connection ∇˜ are holonomic
if, and only if, they are integrable and semi-holonomic (see the proof for multivector
fields, jet fields and connections in jet bundles in [18]).
In a system of natural coordinates, if ϕ(x) = (xα, ϕA(x), ϕAα (x)) is an integral section of X˜ (see
(16) for its local expression), then the following system of partial differential equations holds
fAα (x
β, ϕC(x), ϕCβ (x)) =
∂ϕA
∂xα
gηAα(x
β, ϕC(x), ϕCβ (x)) =
∂2£
∂xα∂vAη
+
∂2£
∂yB∂vAη
∂ϕB
∂xα
+
∂2£
∂vBν ∂v
A
η
∂ϕBν
∂xα
(20)
hα(x
β, ϕC(x), ϕCβ (x)) =
∂£
∂xα
+
∂£
∂yA
∂ϕA
∂xα
− ϕAη
(
∂2£
∂xα∂vAη
+
∂2£
∂yB∂vAη
∂ϕB
∂xα
+
∂2£
∂vBν ∂v
A
η
∂ϕBν
∂xα
)
In particular, if ϕ is holonomic and ϕ = j1φ with φ(x) = (xα, φA(x)), then ϕA ≡ φA, and ϕAα =
∂φA
∂xα
. Therefore the above system is second order.
As a final remark, we define the contraction of jet fields along F˜L with differential forms along
F˜L, as a natural extension of the same operation between jet fields and differential forms in a jet
bundle. Thus, let Y˜ be a jet field along F˜L, then to every Z ∈ X(M) we can associate a vector
field Z˜ along F˜L, which is given by
Z˜(y¯) := (Txψ)(Zx)
for every y¯ ∈ J1E, with y¯
π1
→ y
π
7→ x, and ψ ∈ Y˜(y¯). If Z = Fα
∂
∂xα
the local expression of Z˜ is
Z˜ = Fα
[(
∂
∂xα
◦ F˜L
)
+ fAα
(
∂
∂yA
◦ F˜L
)
+ gηAα
(
∂
∂pηA
◦ F˜L
)
+ hα
(
∂
∂p
◦ F˜L
)]
Definition 5 Let Ξ be a (m + p)-form along F˜L (with p ≥ 0), then i(Y˜)Ξ is an element of
Ωm(M, τ¯1 ◦ µ)⊗Mπ Ω
p(Mπ, F˜L) defined as
[(i(Y˜)Ξ)(y¯;Z1, . . . , Zm; X˜1, . . . , X˜p) := Ξ(y¯; Z˜1, . . . , Z˜m, X˜1, . . . , X˜p)
for Z1, . . . , Zm ∈ X(M), and X˜1, . . . , X˜p vector fields in Mπ along F˜L.
This map is extended by zero to forms of degree k < m, and it is a C∞(M)-linear and alternate
on Z1, . . . , Zm and X˜1, . . . , X˜p.
Remark: Observe that contracting a form Ξ along F˜L with a jet field Y˜ along F˜L is
equivalent to contracting Ξ with a (suitable) representative of the class {X˜ } of m-vector
fields along F˜L associated with Y˜.
As is evident, all the definitions and results in this section can also be stated in a similar way for
m-vector fields X along the restricted Legendre map FL, and orientable jet fields Y and connection
forms ∇ along FL.
A. Echeverr´ia et al , On the construction of K-operators in field theories... 19
3.2 The extended field operators
Let (J1E,ΩL) be a Lagrangian system. Then:
Definition 6 1. An extended m-vector field operator K˜ associated with (J1E,ΩL) is a map
K˜:J1E −→ ΛmTMπ verifying the following conditions:
(a) (Structural condition): K˜ is a non-vanishing, locally decomposable and (τ¯1◦µ)-transverse
m-vector field along F˜L.
(b) (Field equation condition): F˜L
∗
[i(K˜)(Ω ◦ F˜L)] = 0.
(c) (Semi-holonomy condition): K˜ is semi-holonomic.
2. An extended jet field operator Y˜K associated with (J
1E,ΩL) is a map Y˜K:J
1E −→ J1Mπ
verifying the following conditions:
(a) (Structural condition): Y˜K is an orientable jet field along F˜L.
(b) (Field equation condition): F˜L
∗
[i(Y˜K)(Ω ◦ F˜L)] = 0.
(c) (Semi-holonomy condition): Y˜K is semi-holonomic.
3. An extended connection operator ∇˜K associated with (J
1E,ΩL) is a map ∇˜K:J
1E −→ (τ¯1 ◦
µ)∗T∗M ⊗Mπ TMπ verifying the following conditions:
(a) (Structural condition): ∇˜K is an orientable Ehresmann connection form along F˜L.
(b) (Field equation condition): F˜L
∗
[i(∇˜K)(Ω ◦ F˜L)− (m− 1)(Ω ◦ F˜L)] = 0.
(c) (Semi-holonomy condition): ∇˜K is semi-holonomic.
Remark: Note that the field equation condition of the first item in this definition
defines not a single m-vector field along F˜L, but classes of them. A representative can
be selected by adding the following normalization condition
i(K˜)[(τ¯1 ◦ µ)∗ω ◦ F˜L)] = 1 (21)
which, in its turn, implies the (τ¯1 ◦ µ)-transversality condition.
Theorem 2 A class of extended m-vector field operators K˜ is associated with an extended jet field
operator Y˜K and an extended connection operator ∇˜K, and conversely.
( Proof ) It follows from Theorem 1. The only point to be proved is the equivalence between the
field equation conditions, which follows after a simple calculation in coordinates, using the local
expressions (16).
Theorem 3 (Existence and local multiplicity). There exist classes of extended m-vector field
operators K˜ for (J1E,ΩL), and hence there exist also extended jet field operators Y˜K and extended
connection operators ∇˜K. In a local system, they depend on N(m
2 − 1) arbitrary functions.
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( Proof ) First we analyze the local existence, and then their global extension.
Let y¯ ≡ (xα, yA, vAα ) ∈ J
1E, and yˆ = (y,Xy) ∈ Λ
mTMπ (where y ≡ (xα, yA, pαA, p) ∈ TMπ
and Xy ∈ Λ
mTyMπ), such that K˜(y¯) = yˆ. First, the equation σMπ ◦ K˜ = F˜L in condition 1
implies that y = F˜L(y¯), thus
pAα =
∂£
∂vAα
, p = £− vAα
∂£
∂vAα
On the other hand, from condition 1, Xy is a locally decomposable and (τ¯
1 ◦µ)-transverse m-vector
at y, hence
Xy =
m∧
α=1
F (y¯)
(
∂
∂xα
∣∣∣
F˜L(y¯)
+ fAα (y¯)
∂
∂yA
∣∣∣
F˜L(y¯)
+ gηAα(y¯)
∂
∂pηA
∣∣∣
F˜L(y¯)
+ hα(y¯)
∂
∂p
∣∣∣
F˜L(y¯)
)
In this way we can write
K˜ =
m∧
α=1
F
[(
∂
∂xα
◦ F˜L
)
+ fAα
(
∂
∂yA
◦ F˜L
)
+ gηAα
(
∂
∂pηA
◦ F˜L
)
+ hα
(
∂
∂p
◦ F˜L
)]
Now, the semi-holonomy condition implies that fAα = v
A
α .
Next, taking into account (13), we have that
F˜L
∗
[i(K˜)(Ω ◦ F˜L)] = (−1)m(m+1)/2F F˜L
∗
[−vAα (dp
α
A ◦ F˜L)− (dp ◦ F˜L) + g
α
Aα(dy
A ◦ F˜L)
+
∑
η 6=α
(−1)η(gηAηv
A
α − g
η
Aαv
A
η )(dx
α ◦ F˜L) + hα(dx
α ◦ F˜L)]
= (−1)m(m+1)/2F
[
−vAαd
(
∂£
∂vAα
)
− d
(
£− vAα
∂£
∂vAα
)
+ gαAα(dy
A ◦ F˜L)
+
∑
η 6=α
(−1)η(gηAηv
A
α − g
η
Aαv
A
η )(dx
α ◦ F˜L) + hα(dx
α ◦ F˜L)]

= (−1)m(m−1)/2F
[(
gαAα −
∂£
∂yA
)
dyA+− ∂£
∂xα
+
∑
η 6=α
(−1)η(gηAηv
A
α − g
η
Aαv
A
η ) + hα
 dxα

and then, from the field equation condition we obtain
gαAα =
∂£
∂yA
, hα =
∂£
∂xα
−
∑
η 6=α
(−1)η(gηAηv
A
α − g
η
Aαv
A
η ) (22)
Finally, if we apply the normalization condition (21), we can choose F = 1. In this way we have
obtained, for this representative, the local expression
K˜ =
m∧
α=1
[(
∂
∂xα
◦ F˜L
)
+ vAα
(
∂
∂yA
◦ F˜L
)
+ gηAα
(
∂
∂pηA
◦ F˜L
)
+ ∂£
∂xα
−
∑
η 6=α
(−1)η(gηAηv
A
α − g
η
Aαv
A
η )
( ∂
∂p
◦ F˜L
) (23)
So, K˜ is determined by the Nm2 coefficients gηAα, which are related by the first group of N inde-
pendent equations (22). Therefore, there are N(m2 − 1) arbitrary functions.
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These results allow us to assure the local existence of classes of extendedm-vector field operators
K˜ satisfying the desired conditions. The corresponding global solutions are then obtained using a
partition of unity subordinated to a covering of J1E made of local natural charts {Ui}. Then, let K˜i
be the field operator in the corresponding open set Ui. As every local class {K˜i} is associated with
a local Ehresmann connection form ∇˜Ki along F˜L (by Theorem 2), and the convex combination of
connection forms gives a connection form, ∇˜K = g
i∇˜Ki is a (global) Ehresmann connection form
along F˜L which is associated with the corresponding class. The class {K˜} associated with ∇˜K is
the global solution. In an analogous way, taking into account the affine structure of the fibers of
J1Mπ, it is meaningful to construct convex combinations of sections Y˜Ki, so we can define a global
jet field Y˜K := g
iY˜Ki along F˜L associated with the class {K˜}.
These elements satisfy the conditions of Definition 6. In particular:
• The classes {K˜} are made of non-vanishing, locally decomposable and (τ¯1 ◦ µ)-transverse
m-vector fields along F˜L, since they are associated with orientable jet fields and connections
along F˜L.
• The field equation condition holds for every K˜, because it holds for every K˜i, and K˜ is a linear
combination K˜ = f iK˜i. As a consequence, the equivalent field equation conditions hold for
∇˜K and Y˜K.
• The semi-holonomy of K˜ is proved starting from the semi-holonomy of K˜i, and using that
{K} is associated with Y˜K := g
iY˜Ki, which is semi-holonomic because so are Y˜Ki.
Remarks:
• Observe that the existence of these extended field operators does not depend on the regularity
of the Lagrangian system.
• The class K˜ (and hence the associated Y˜K and ∇˜K) is integrable if Definition 4 holds for it.
Observe that, if K˜, and hence the associated Y˜K and ∇˜K are integrable, they are holonomic,
since they are semi-holonomic.
Among the multiplicity of extended field operators, we will mainly be interested in those which
are integrable, and hence holonomic. Thus, if ϕ ≡ j1φ(x) =
(
xµ, φA,
∂φA
∂xν
)
is an integral section,
then vAα =
∂φA
∂xα
, and from (20) and (22) we obtain that φ must be a solution of the following
system
∂2£
∂xα∂vAα
+
∂2£
∂yB∂vAα
∂φB
∂xα
+
∂2£
∂vBν ∂v
A
α
∂2φB
∂xα∂xν
=
∂£
∂yA
which are just the Euler-Lagrange equations for φ (see Theorem 5 for a precise statement of this
comment).
In general, we know there is no way of assuring that this system is integrable in J1E (even in
the hyper-regular case). In the most favourable cases, a submanifold I →֒ J1E could exist such
that there are (classes of) integrable m-vector field operators K˜ on I wich are tangent to I. As a
consequence, the above system is integrable on I and the corresponding integral sections solution
are in I. (See also [18] and [19] for a discussion of the integrability of multivector fields).
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3.3 The restricted field operators
In field theory there is another kind of field operator which can be defined, and which is justified
because the multimomentum bundle where the Hamiltonian formalism of field theories takes place
is really J1∗E, instead ofMπ, and hence, in this case, the relevant Legendre map is FL instead of
F˜L.
Definition 7 1. Given an extended m-vector field operator K˜, the restricted m-vector field op-
erator K associated with K˜ is
K := ΛmTµ ◦ K˜
2. Given an extended jet field operator Y˜K, the restricted jet field operator YK associated with
Y˜K is
YK := j
1µ ◦ Y˜K
3. Given an extended connection operator ∇˜K, the restricted connection operator ∇K associated
with ∇˜K is
∇K := (τµ ⊗ Tµ) ◦ ∇˜K
So, we have the diagrams
ΛmTMπ
K˜
✁
✁
✁
✁
✁
✁✕
K
 
 
 ✒
σJ1∗E❄
ΛmTµ
❄
ΛmTJ1∗E
J1E
FL ✲ J1∗E
J1Mπ
Y˜K
✁
✁
✁
✁
✁
✁✕
YK
 
 
 ✒
π1J1∗E❄
j1µ
❄
J1J1∗E
J1E
FL✲ J1∗E
(τ¯1 ◦ µ)∗T∗M ⊗Mπ TMπ
∇˜K
✁
✁
✁
✁
✁
✁✕
∇K
✟✟
✟✟
✟✯
κJ1∗E❄
τµ ⊗ Tµ❄
τ¯1∗T∗M ⊗J1∗E TJ
1∗E
J1E
FL ✲ J1∗E
(where the natural projection τµ ⊗ Tµ is defined in a similar way to τ ⊗ Tπ
1 in (8)).
The restricted field operators, K, YK, and ∇K are m-vector fields, jet fields and Ehresmann
connection forms along the Legendre map FL, respectively. In particular, it is obvious that every
restricted m-vector field operator K is non-vanishing, locally decomposable and τ¯1-transverse.
Remark: In an analogous way to Theorems 1 and 2, we can prove that for every
class of extended m-vector field operators {K˜}, and its associated Y˜K and ∇˜K, the
class of restricted m-vector field operators {K} := {ΛmTµ} ◦ {K˜} is associated with
YK = j
1µ ◦ Y˜K, and ∇K = τµ ⊗ Tµ ◦ ∇˜K.
Proposition 1 1. {K} and its associated YK and ∇K are semi-holonomic.
2. K is integrable if, and only if, the corresponding K˜ is also. That is, ϕ:M → J1E is an integral
section of {K} if, and only if, it is an integral section of {K˜} too.
3. YK and ∇K are integrable if, and only if, the corresponding Y˜K and ∇˜K are also.
( Proof )
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1. For every K˜ ∈ {K˜}, and K = ΛmTµ ◦ K˜, we have that
Υ−1E ◦ ρE ◦ Λ
mTτ ◦ K = Υ−1E ◦ ρE ◦ Λ
mTτ ◦ ΛmTµ ◦ K˜ = Υ−1E ◦ ρE ◦ Λ
mT(τ ◦ µ) ◦ K˜ = IdJ1E
2. Let ϕ:M → J1E be a section. We have
ΛmTFL ◦ ΛmTϕ = ΛmT(µ ◦ F˜L) ◦ ΛmTϕ = ΛmTµ ◦ ΛmTF˜L ◦ ΛmTϕ
and, on the other hand, for every K˜ ∈ {K˜}, and K = ΛmTµ ◦ K˜, we have:
K ◦ ϕ ◦ σM = Λ
mTµ ◦ K˜ ◦ ϕ ◦ σM
therefore, if f ∈ C∞(J1E) is a non-vanishing function, then
ΛmTF˜L ◦ ΛmTϕ = f K˜ ◦ ϕ ◦ σM =⇒ Λ
mTFL ◦ ΛmTϕ = fK ◦ ϕ ◦ σM
Conversely, if the last relation holds, then the first one is true for some non-vanishing function
g ∈ C∞(J1E).
3. It is a straighforward consequence of all the above results.
The coordinate expressions of these elements are
K =
m∧
α=1
F
[(
∂
∂xα
◦ FL
)
+ vAα
(
∂
∂yA
◦ FL
)
+ gηAα
(
∂
∂pηA
◦ FL
)]
(24)
YK =
(
xα, yA,
∂£
∂vAα
; vAα , g
η
Aα
)
∇K = (dx
α ◦ FL)⊗
[(
∂
∂xα
◦ FL
)
+ vAα
(
∂
∂yA
◦ FL
)
+ gηAα
(
∂
∂pηA
◦ FL
)]
with the same relation as above for the coefficients gηAα. Of course, the normalization condition
i(K)[τ¯1∗ω ◦ FL)] = 1
allows to take F = 1, and selects a representative on each class {K} of restricted field operators.
This implies τ¯1-transversality condition for K.
Remark: In the particular case M ≡ R , the expressions (22), (23) and (24) lead
to the local expressions of the extended and restricted K-operators of time-dependent
mechanical systems given in [8].
4 Properties of the field operators
4.1 The Lagrangian equations
Next we study the properties of the field operators in relation to the Lagrangian equations. As we
have stated three different but equivalent approaches to the concept of field operator (namely jet
fields, Ehresmann connection forms or classes of m-vector fields along the Legendre maps), we use
the most suitable in each case, in order to make the proofs easier.
The result (in mechanics) that we want to generalize is relation (2) (on a submanifold S →֒ TQ).
Thus, we have the following relation between the field operators and the solutions of the Lagrangian
field equations (Euler-Lagrange jet fields, multivector fields and connections):
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Theorem 4 Let (J1E,ΩL) be a Lagrangian system.
1. Let Y˜K be an extended jet field operator associated with (J
1E,ΩL). If there exist a jet field
ΨL:J
1E → J1J1E, and a π¯1-transverse submanifold S :S →֒ J
1E, such that
j1F˜L ◦ ΨL =
S
Y˜K (25)
then ΨL is an Euler-Lagrange jet field for (J
1E,ΩL), on S.
Conversely, given an Euler-Lagrange jet field ΨL for (J
1E,ΩL), then (25) defines an extended
jet field operator Y˜K for (J
1E,ΩL), on S.
2. Let {K˜} be a class of extended m-vector field operators associated with (J1E,ΩL). If there exist
a class of m-vector fields {XL} ⊂ X
m(J1E), and a π¯1-transverse submanifold S :S →֒ J
1E,
such that, for every K˜ ∈ {K˜},
ΛmTF˜L ◦XL =
S
K˜ ; for some XL ∈ {XL} (26)
then {XL} is a class of Euler-Lagrange m-vector fields for (J
1E,ΩL), on S.
Conversely, given a class of Euler-Lagrange m-vector fields {XL} for (J
1E,ΩL), then (26)
defines a class of extended m-vector field operators {K˜} for (J1E,ΩL), on S.
3. Let ∇˜K be an extended connection operator associated with (J
1E,ΩL). If there exist an Ehres-
mann connection form ∇L:J
1E → π¯1∗T∗M ⊗J1E TJ
1E, and a π¯1-transverse submanifold
S :S →֒ J
1E, such that
(ε˜T∗M ⊗ TF˜L) ◦ ∇L =
S
∇˜K (27)
(where ε˜T∗M : π¯
1∗T∗M → (τ¯1 ◦ µ)∗T∗M is the natural identification), then ∇L is an Euler-
Lagrange connection for (J1E,ΩL), on S.
Conversely, given an Euler-Lagrange connection ∇L for (J
1E,ΩL), then (27) defines an
extended jet field operator ∇˜K for (J
1E,ΩL), on S.
( Proof ) First, as a guideline for the proof, consider the following diagram (which, in general, is
